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KNOT SEMIGROUPS OF DOUBLE TWIST KNOTS
TOSHINORI MIYATANI
Abstract. A knot semigroup is defined by A. Vernitski. A. Ver-
nitski conjectured that the knot semigroup of the 2-bridge knot
is isomorphic to an alternating sum semigroup. To support this
conjecture, and as an main result, we prove that the knot semi-
group of the double twist knot is isomorphic to an alternating sum
semigroup.
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1. Introduction
Our motivation in this research comes partially from the study of
a semigroup analogy of the symmetric group [2]. We shall consider
the theory of knot semigroups. A knot semigroup is a cancellative
semigroup whose defining relations come in pairs of the form xy = yx
and yx = zy from crossing points of a knot diagram. This constraction
is similar to the Wirtinger presentation of the knot group. The knot
semigroups are defined by A. Vernitski. A. Vernitski proved that torus
knots and twist knots are isomorphic to alternating sum semigroups
and conjectured that 2-bridge knot is isomorphic to an alternating sum
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2 TOSHINORI MIYATANI
semigroup [4]. As a main result, and to support this conjecture, we shall
prove that the double twist knot is isomorphic to an alternating sum
semigroup.
This paper is organized as follows. In section 2, we recall standard
definitions. In section 2.1, we recall a knot semigroup defined by A.
Vernitski. In section 2.2, we review an alternating sum semigroup. In
section 2.3, we recall a definition of the 2-bridge knot and its properties.
In section 3, we describe examples of knot semigroups proved by A.
Vernitski. In section, 3.1 we see that the knot semigroup of a trivial
knot is the semigroup of the set of natural numbers. In section 3.2, we
recall that the knot semigroup of the torus knot is an alternating sum
semigroup. In section 3.3, we review that the knot semigroup of the
twist knot is isomorphic to an alternating sum semigroup. In section
4, we state a main result. In section 5, we shall prove our main result.
2. Preliminaries
2.1. Knot semigroups. We recall a knot semigroup defined by A.
Vernitski [4]. First we define the cancellative semigroups.
Definition 2.1. A semigroup S is called cancellative if it satisfies two
conditions : if xz = yz then x = y, and if xy = xz then y = z for
x, y, z ∈ S.
Figure 1 : T (2, 3)
By an arc we mean a continuous line on a
knot diagram from one undercrossing to an-
other undercrossing. For example, consider
the knot diagram T (2, 3) on figure 1. It has
three arcs, denoted by a, b, and c.
LetK be a knot diagram. We shall define a
semigroup, which we call the knot semigroup
of K, and denote by M(K). We assume that
each arc is denoted by a letter. Then we define two defining relations
xy = yz and yx = zy at crossing, where arcs x and z form the un-
dercrossing and arc y is the overcrossing. We define these relations
at every crossing. The cancellative semigroup generated by arc letters
with these defining relations is the knot semigroup of the knot diagram.
This construction is the analogy of the Wirtinger presentation of knot
group. [6].
Figure 2 : Hopf links
The definition of the knot semigroup nat-
urally generalizes from diagrams of knots to
diagrams of links. For example, the diagram
of the Hopf link in Figure 2 contains two arcs
a, b and two crossings, each defining a sin-
gle relation ab = ba. Hence, its knot semi-
group is a free commutative semigroup with
two generators.
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2.2. Alternating sum semigroups. We shall recall an alternating
sum semigroup defined by A. Vernitski [4]. Let G be either Zn or
Z. Let B be a subset of G, and B+ the set of words of B. By the
alternating sum of a word b1b2b3b4 . . . bk ∈ B+ we shall define the value
of b1 − b2 + b3 − b4 + · · · + (−1)k+1bk calculated in G. The notation
alt(b1b2 . . . bk) denote the value, i.e.,
alt(b1b2 . . . bk) = b1 − b2 + b3 − b4 + · · ·+ (−1)k+1bk.
We also define the following notation. |b1b2 . . . bk| denote the length
of the word b1b2 . . . bk. We shall say that two words u, v ∈ B+ are in
relation ∼ if and only if
(1) |u| = |v|,
(2) alt(u) = alt(u).
The relation ∼ is a congruence on B+. The semigroup AS(G,B) denote
the factor semigroup B+/ ∼. AS(G,B) is called an alternating sum
semigroup.
We shall also recall a strong alternating sum semigroup defined by
A. Vernitski [4]. The sets G and B are as above. Let us say that g ∈ G
is even (resp. odd) in G if g can be represented in the form g = 2h
(resp. g = 2h + 1) for some h ∈ G. Let w ∈ B+. The notation |w|e
denote the number of entries in w which are even in G. We shall say
that two words u, v ∈ B+ are in relation ≈ if and only if
(1) |u| = |v|,
(2) alt(u) = alt(v),
(3) |u|e = |v|e.
The relation ≈ is a congruence on B+. The semigroup SAS(G,B)
denote the factor semigroup B+/ ≈. SAS(G,B) is called a strong
alternating sum semigroup.
2.3. 2-bridge knots.
2.3.1. Definitions of 2-bridge knots. We recall the 2-bridge knot. We
first define a bridge number of a knot diagram.
Definition 2.2. Suppose that D is a knot diagram of a knot (or link)
K. If we can divide up D into 2n polygonal curves α1, α2, . . . , αn and
β1, β2, . . . , βn, i.e.,
D = α1 ∪ α2 ∪ · · · ∪ αn ∪ β1 ∪ β2 ∪ · · · ∪ βn
that satisfy the conditions given by the followings, then the bridge
number of D, br(D), is said to be at most n and denoted by br(D) ≤ n.
(1) α1, α2, . . . , αn are mutually disjoint, simple polygonal curves.
(2) β1, β2, . . . , βn are also mutually disjoint, simple curves.
(3) At the crossing points of D, α1, α2, . . . , αn are segments that
passes over the crossing points. While at the crossing points
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of D, β1, β2, . . . , βn are segments that pass under the crossing
points.
If br ≤ n but br  n− 1, then we define br(D) = n.
The bridge number of a knot diagram D is not a knot invariant for
a knot K. But we have the following theorem.
Theorem 2.3. Let K be a knot or a link. Then the number br(K) =
min
D
is an invariant for K, where D is the set of all knot diagrams of
K. The number br(K) is called the bridge number of K.
Let K be a knot or a link. If br(K) = 2, then K is called a 2-bridge
knot.
2.3.2. Conway’s normal forms. Any 2-bridge knot has a presentation,
which can be deformed as in figure, where ai indicates |ai| ( 6= 0) crossing
points with sign i = ai/|ai| = ±1.
(n is even)
(n is odd)
We denote the 2-bridge knot with this knot diagram by C(a1, a2, . . . , an),
which is called Conway’s normal form.
3. Examples of knot semigroups
Figure3 : Trivial knots
3.1. Trivial knots. Let N be the semigroup
of positive integers. The semigroup N is a
cancellative semigroup. The diagram of the
trivial knot contains one arc and no crossings
(Figure 3). Therefore, its knot semigroup is
isomorphic to the semigroup N.
Figure4 : Torus knots
3.2. Torus knots and torus links.
A torus knot T (2, n) consists of n half-
twists (Figure 4.). We recall the knot
semigroup M(T (2, n)) of a knot dia-
gram T (2, n) (with an odd n) and the
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knot semigroup of a link diagram T (2, n) (with an even n) proved by
A. Vernitski [4].
Theorem 3.1 ([4] Theorem 3.). Let n be an odd integer. The knot
semigroup M(T (2, n)) of the torus knot diagram T (2, n) is isomorphic
to the alternating sum semigroup AS(Zn,Zn).
Theorem 3.2 ([4] Theorem 13.). Let n be an even integer. The knot
semigroup M(T (2, n)) of the torus link diagram T (2, n) is isomorphic
to the strong alternating sum semigroup SAS(Zn,Zn).
Since SAS(Zn,Zn) = AS(Zn,Zn) for odd values of n, we have the
following corollary.
Corollary 3.3 ([4] Corollary 14.). The knot semigroup M(T (2, n)) of
the diagram T (2, n) for every positive n is isomorphic to the strong
alternating sum semigroup SAS(Zn,Zn).
Figure5 : Twist knots
3.3. Twist knots. A twist knot, which we
shall denote twn consists of n clockwise half-
twists and 2 anticlockwise half-twists (Figure
5). We recall the knot semigroup M(twn)
of a knot diagram twn proved by A. Vernit-
ski [4]. The notation [n + 2] denote the set
{0, 1, . . . , n+ 2}.
Theorem 3.4 ([4] Theorem 15.). The knot semigroup M(twn) of the
twist knot diagram twn is isomorphic to the alternating sum semigroup
AS(Z2n+1, [n+ 2]).
4. Main results
4.1. A conjecture of the knot semigroups of 2-bridge knots.
The torus knots and the twist knots are the 2-bridge knots. Then we
have the following conjecture by A. Vernitski ([4] Conjecture 23.).
Conjecture 4.1. The knot semigroup of the 2-bridge knot is isomor-
phic to an alternating sum semigroup.
4.2. Knot semigroups of double twist knots. To support the Con-
jecture 4.1 we prove that the knot semigroup of the double twist knot
is isomorphic to an alternating sum semigroup.
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Figure6 : Double twist knots
A twist knot, which we shall denote dtwln consists of n clockwise half-
twists and l anticlockwise half-twists, where l, n indicate the number
of crossing points (Figure 5). Then we have the following theorem.
Theorem 4.2. Let n, l ≥ 1 be integers. Suppose the integer nl is an
even integer. Then the knot semigroup M(dtwln) of the double twist
knot diagram dtwln is isomorphic to the alternating sum semigroup
AS(Zln+1, {0, 1, . . . , n, 0 · n+ 1, 1 · n+ 1, . . . (l − 1) · n+ 1}).
Remark 4.3. The double twist knot is the 2-bridge knot C(l, n).
Remark 4.4. Let l = 2 in Theorem 4.2. Then
{0, 1, . . . , 0 · n+ 1, 1 · n+ 1} = [n+ 2].
Thus Theorem 4.2 implies Theorem 3.4.
Remark 4.5. Let l = 1 in Theorem 4.2. Then
M(dtw1n) ' AS(Zn+1, {0, 1, . . . , n, 0 · n+ 1})
' AS(Zn+1, {0, 1, . . . , n})
' AS(Zn+1,Zn+1).
On the other hand, dtw1n ' T (2, n+ 1) as knots. By Theorem 3.1,
M(T (2, n+ 1)) ' AS(Zn+1,Zn+1).
Thus Theorem 4.2 holds in the case of l = 1.
Remark 4.6. We consider the following knot C(m, l, n).
KNOT SEMIGROUPS OF DOUBLE TWIST KNOTS 7
Then we have the following conjecture.
Conjecture 4.7. Let l,m, n ≥ 1 be integers. Suppose the integer (ml+
1)n + m is odd. Then the knot semigroup M(C(m, l, n)) of the knot
diagram C(m, l, n) is isomorphic to the alternating sum semigroup
AS(Z(ml+1)n+m,
n+1⋃
i=0
{i} ∪
l+1⋃
j=0
{jn+ 1} ∪
m−1⋃
k=0
{(kl + 1)n+ k}).
5. Proof of the main results
Suppose that A+/κ is a knot semigroup, where A is the set of arcs
and κ is a cancellative congruence on the free semigroup A+ induced by
the defining relations of the knot semigroup. Let ∼ be a congruence on
B+, where B is an alphabet of the same size as A. We shall establish
an isomorphism between A+/κ and B+/ ∼ by the following Lemma.
Lemma 5.1 ([4] Lemma 2.). Suppose A and B are sets. Consider
a bijection φ : A → B. It induces an isomorphism between A+ and
B+, which we shall denote φ+. Suppose a congruence κ on A+ and a
congruence on ∼ on B+ are such that for each u, v ∈ A+ if uκ v then
φ(u) ∼ φ(v). Then φ induces a mapping from A+ to B+, which we
shall denote by ψ. Moreover, ψ is a homomorphism. Suppose a subset
of B+ exists, which we shall call the set of canonical words, such that
in each class of ∼ there is exactly one canonical word and at least one
word of each class of κ is mapped by φ+ to a canonical word. Then ψ
is an isomorphism between A+/κ and B+/ ∼.
Let
A = {a0, . . . , an, an+1, a2n+1, . . . , a(l−2)n+1, a(l−1)n+1}
be the set of arcs as in the following figure.
Denote the set {0, 1, . . . , n, 0 · n+ 1, 1 · n+ 1, . . . (l− 1) · n+ 1} by Cn,l.
Consider a mapping φ from A to Cn,l defined as ai 7→ i. It induces an
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isomorphism A+ to C+n,l, which we shall denote by φ
+. Then we have
the following Lemma.
Lemma 5.2. The equality aiai+j = ai+kai+j+k is true in M(dtw
l
n) for
all values of i, j, k such that 0 ≤ i ≤ i+ j ≤ i+ j + k ≤ n+ 1.
Proof. The relations in M(dtwln) are the equalities
ai−1ai = aiai+1,
and
aiai−1 = ai+1ai
for all i = 1, 2, . . . , n (from the crossings at the bottom of the diagram),
and the equalities
a(l−j−1)n+1a(l−j)n+1 = a(l−j)n+1a(l−j+1)n+1,
and
a(l−j)n+1a(l−j−1)n+1 = a(l−j+1)n+1a(l−j)n+1
for all j = 0, 1, . . . , l−1 (from the crossings at the top of the diagram),
where aln+1 = a0. Applying relations of the type ai−1ai = aiai+1 re-
peatedly, we obtain aiai+1 = ai+kai+1+k for all values of i, k such that
0 ≤ i ≤ i + 1 ≤ i + 1 + k ≤ n + 1. Similarly, we can obtain aiai−1 =
ai+kai−1+k for all values of i, k such that 0 ≤ i− 1 ≤ i ≤ i+ k ≤ n+ 1.
Consider
aiai+jai+j+1 = aiai+1ai+2 = ai+2ai+3ai+2 = ai+2ai+j+2ai+j+1.
Hence aiai+j = ai+2ai+j+2 by the cancellative rule. This proves that
aiai+j = ai+kai+j+k for all values of i, j, k such that 0 ≤ i ≤ i + j ≤
i+ j + k ≤ n+ 1 and even k.
We shall prove that a0a0 = a1a1.
(1) Suppose the integer l is an even number.
Consider
an+1a{l−(l−2)}n+1a{l−(l−2)}n+1 = a{l−(l−2)}n+1a{l−(l−3)}n+1a{l−(l−2)}n+1
= a{l−(l−2)}n+1a{l−(l−2)}n+1an+1
= a{l−(l−2)}n+1an+1a1
= an+1a1a1.
Hence we have a{l−(l−2)}n+1a{l−(l−2)}n+1 = a1a1.
Next consider
a{l−(l−3)}n+1a{l−(l−4)}n+1a{l−(l−4)}n+1 = a{l−(l−4)}n+1a{l−(l−5)}n+1a{l−(l−4)}n+1
= a{l−(l−4)}n+1a{l−(l−4)}n+1a{l−(l−3)}n+1
= a{l−(l−4)}n+1a{l−(l−3)}n+1a{l−(l−2)}n+1
= a{l−(l−3)}n+1a{l−(l−2)}n+1a{l−(l−2)}n+1.
Hence a{l−(l−4)}n+1a{l−(l−4)}n+1 = a{l−(l−2)}n+1a{l−(l−2)}n+1.
Since l is even, a0a0 = a1a1.
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(2) Suppose the integer l is an odd number.
Since nl is even, n is an even number. Consider
a(l−1)n+1a0a0 = a0ana0
= a0a0a(l−1)n+1
= a0a(l−1)n+1a(l−2)n+1
= a(l−1)n+1a(l−2)n+1a(l−2)n+1.
Hence a0a0 = a(l−2)n+1a(l−2)n+1. Since this equation holds and
n is an even number,
a0a0 = a(l−2)n+1a(l−2)n+1 = · · · = an+1an+1 = a1a1.
We shall prove that a0aj = a1aj+1 for all values of j = 0, 1, . . . , n. Let
j be an odd number. Consider
a0a0aj = aj−1aj−1aj = aj−1ajaj+1 = a0a1aj+1.
Hence a0aj = a1aj+1.
Let j be even and positive. Consider
a0a0aj = a1a1aj (Since a0a0 = a1a1.)
= aj−1aj−1aj
= aj−1ajaj+1
= aj−2aj−1aj+1
= a0a1aj+1.
Hence a0aj = a1aj+1.
Now suppose k is odd. If i is even we have
aiai+j = a0aj
= a1aj+1
= ai+1ai+j+1
= a(i+1)+(k−1)a(i+j+1)+(k−1)
= ai+kai+j+k.
If i is odd, we have
aiai+j = a1aj+1
= a0aj
= ai+1ai+j+1
= a(i+1)+(k−1)a(i+j+1)+(k−1)
= ai+kai+j+k.

Lemma 5.3. The equality ain+1a(i+j)n+1 = a(i+k)n+1a(i+j+k)n+1 is true
in M(dtwln) for all values of i, j, k such that 0 ≤ i ≤ i+ j ≤ i+ j+k ≤
l + 1.
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Proof. Applying relations of the type
a(l−j−1)n+1a(l−j)n+1 = a(l−j)n+1a(l−j+1)n+1
repeatedly, we obtain
ain+1a(i+1)n+1 = a(i+k)n+1a(i+1+k)n+1
for all values of i, k such that 0 ≤ i ≤ i+1 ≤ i+1+k ≤ l+1. Similarly,
we can obtain
ain+1a(i−1)n+1 = a(i+k)n+1a(i−1+k)n+1
for all values of i, k such that 0 ≤ i− 1 ≤ i ≤ i+ k ≤ l + 1. Consider
ain+1a(i+j)n+1a(i+j+1)n+1 = ain+1a(i+1)n+1a(i+2)n+1
= a(i+2)n+1a(i+3)n+1a(i+2)n+1
= a(i+2)n+1a(i+j+2)n+1a(i+j+1)n+1.
Hence ain+1a(i+j)n+1 = a(i+2)n+1a(i+j+2)n+1. This proves that
ain+1a(i+j)n+1 = a(i+k)n+1a(i+j+k)n+1
for all values of i, j, k such that 0 ≤ i ≤ i + j ≤ i + j + k ≤ l + 1 and
even k.
We shall prove that a1a1 = an+1an+1.
(1) Suppose l is odd.
Since n is even, a1a1 = an+1an+1.
(2) Suppose l is even, and n is even.
Consider
a2a1a1 = a1a0a1 = a1a1a2 = a1a2a3 = a2a3a3.
Hence a1a1 = a3a3. This proves that a1a1 = an+1an+1.
(3) Suppose l is even and n is odd.
Consider
anan+1an+1 = an−1anan+1
= an−1an−1an
= an−1an−2an−1
= anan−1an−1.
Hence an+1an+1 = an−1an−1.Since n is odd, an+1an+1 = a0a0.
Since l is even, a0a0 = a1a1. Thus an+1an+1 = a1a1.
We shall prove that a1ajn+1 = an+1a(j+1)n+1 for all values j = 0, 1, . . . , n.
Let j be an odd number. Consider
a1a1ajn+1 = a(j−1)n+1a(j−1)n+1ajn+1
= a(j−1)n+1ajn+1a(j+1)n+1
= a1an+1a(j+1)n+1.
KNOT SEMIGROUPS OF DOUBLE TWIST KNOTS 11
Hence a1ajn+1 = an+1a(j+1)n+1.
Let j be even and positive. Consider
a1a1ajn+1 = an+1an+1ajn+1
= a(j−1)n+1a(j−1)n+1ajn+1
= a(j−1)n+1ajn+1a(j+1)n+1
= a(j−2)n+1a(j−1)n+1a(j+1)n+1
= a1an+1a(j+1)n+1.
Hence a1ajn+1 = an+1a(j+1)n+1.
Suppose k is odd. If i is even we have
ain+1a(i+j)n = a1ajn+1
= an+1a(j+1)n+1
= a(i+1)n+1a(i+j+1)n+1
= a{(i+1)+(k−1)}n+1a{(i+j+1)+(k−1)}n+1
= a(i+k)n+1a(i+j+k)n+1.
If i is odd, we have
ain+1a(i+j)n = an+1a(j+1)n+1
= a1ajn+1
= a(i+1)n+1a(i+j+1)n+1
= a{(i+1)+(k−1)}n+1a{(i+j+1)+(k−1)}n+1
= a(i+k)n+1a(i+j+k)n+1.

Lemma 5.4. The equality apn+1aqarn+1 = a(p+1)n+1aqa(r−1)n+1 is true
in M(dtwln) for all values p, q, r such that 0 ≤ p ≤ n − 1, 1 ≤ r ≤ l,
and q 6∈ {0, 2n+ 1, . . . , (l − 1)n+ 1}.
Proof. Consider
a(p+1)n+1apn+1aqarn+1 = ana0aqarn+1
= anan−q+1an+1arn+1
= anan−q+1a1a(r−1)n+1
= ananaqa(r−1)n+1
= an+1an+1aqa(r−1)n+1
= a(p+1)n+1a(p+1)n+1aqa(r−1)n+1.
Hence apn+1aqarn+1 = a(p+1)n+1aqa(r−1)n+1. 
Lemma 5.5. The equality apaqar = ap+1aqar−1 is true in M(dtwln)
for all values p, q, r such that p ∈ {0, 1, . . . , n}, r ∈ {1, 2, . . . , n + 1},
q ∈ {0, 2n+ 1, . . . , (l − 1)n+ 1}.
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Proof. Suppose q = 0. Then
apa0ar = ap+1a1ar = ap+1a0ar−1.
Suppose q ∈ {2n+ 1, . . . , (l − 1)n+ 1}. Consider
ap+1apakn+1ar = a1a0akn+1ar
= a1a(l−k)n+1a1ar
= a1a(l−k)n+1a0ar−1
= akn+1a0a0ar−1
= akn+1a1a1ar−1
= akn+1a(k−1)n+1a(k−1)n+1ar−1
= an+1a1a(k−1)n+1ar−1
= a2n+1an+1a(k−1)n+1ar−1
= an+1an+1akn+1ar−1
= ap+1ap+1akn+1ar−1.
Hence apaqar = ap+1aqar−1. 
Canonical words in C+n,l will be defined as words of the form 000
t−2
or c00t−2 or 0c0t−2 or dc0t−2, where t ≥ 2 is the length of the word and
c ∈ {1, 2, . . . , n}, d ∈ {2n+ 1, 3n+ 1, . . . , (l − 1)n+ 1}.
Consider a non-negative integer valued parameter pi(w) of a word w
in C+n,l, which is 0 if the first two entries in w are 00 or c0 or 0c or dc
for some c ∈ {1, . . . , n}, d ∈ {2n + 1, . . . , (l − 1)n + 1} and which is 1
otherwise. Define the defect of a word w = b1b2 . . . bt in C
+
n,l as a word
pi(w)b3 . . . bt. Defects are assumed to be ordered antilexicographically.
Lemma 5.6. A word in C+n,l is canonical if and only if its defect is a
word consisting of 0s.
Proof. The result follows from the form of canonical word. 
Lemma 5.7. Let u be a word in A+. Unless the defect of φ(u) is a
word consisting of 0s, there is a word v in A+ such that u = v in
M(dtwln) and the defect of φ(v) is less than the defect of φ(u).
Proof. Suppose the defect of φ(u) has a non-zero entry at a position
which is not the first one. This means that at some position d ≥ 3 there
is a non-zero entry r in φ(u). Let u = u′apaqaru′′, where u′, u′′ ∈ A+
and p, q, r ∈ Cn,l with r 6= 0.
(1) Suppose q 6∈ {0, 2n+ 1, 3n+ 1, . . . , (l − 1)n+ 1}.
1. If r 6∈ {2n+ 1, . . . , (l − 1)n+ 1}, then we define
v = u′apaq−1ar−1u′′.
2. If r ∈ {2n+ 1, 3n+ 1, . . . , (l − 1)n+ 1}.
· If p 6∈ {0, 2n+ 1, . . . , (l − 1)n+ 1}, then we define
v = u′ap−1aq−1aru′′.
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· If p ∈ {0, 2n+ 1, . . . , (l − 1)n+ 1}, then define
v = u′a(k′+1)n+1aqa(k−1)n+1u′′,
where p = k′n + 1, r = kn + 1. The words u and v
are equal by the Lemma 5.4.
(2) Suppose q ∈ {0, 2n+ 1, . . . , (l − 1)n+ 1}.
1. If p ∈ {2n + 1, . . . , (l − 1)n + 1} or r ∈ {2n + 1, . . . , (l −
1)n+ 1}, then we define
v = u′a(k′−1)n+1a(k−1)n+1aru′′,
where p = k′n+ 1, q = kn+ 1, or
v = u′apa(k−1)n+1a(k′′−1)n+1u′′,
where q = kn+ 1, r = k′′n+ 1.
2. If p, r 6∈ {2n+ 1, 3n+ 1 . . . , (l − 1)n+ 1}, then we define
v = u′ap+1aqar−1u′′.
By the Lemma 5.5, u = v.
In each case, u = v in M(dtwln), and the defect of φ(v) is less than the
defect of φ(u).
Suppose the defect of φ(u) has a non-zero entry only at the first
position. Let u = apaqu
′, where u′ ∈ A+ and p, q ∈ C ln.
(1) If p, q ∈ {1, 2, . . . , n+ 1}, let m = min(p, q), then define
v = ap−maq−mu′.
(2) If p, q ∈ {2n + 1, . . . , (l − 1)n + 1}, let p = kn + 1, q = k′n + 1
and m = min(k, k′). If m = k′, then we define
v = a(k−m)n+1a(k′−m)n+1u′.
If m = k, then we use the following case (3).
(3) If p ∈ {1, 2, . . . , n}, q ∈ {2n+ 1, . . . , (l− 1)n+ 1}, then consider
apakn+1an−p+1 = a0akn+1an+1
= a(l−k)n+1a1an+1
= a(l−k+1)n+1an+1an+1
= a(l−k+1)n+1an−p+1an−p+1.
Hence apakn+1 = a(l−k+1)n+1an−p+1. Then we define
v = a(l−k+1)n+1an−p+1u′,
where q = kn+ 1.
(4) If p ∈ {2n+ 1 . . . , (l − 1)n+ 1}, q = n+ 1, then we define
v = a(k−1)n+1a1u′,
where p = kn+ 1.
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(5) If p = n+ 1, q ∈ {2n+ 1, . . . , (l − 1)n+ 1}, then we consider
an+1akn+1 = a(l−k+1)n+1a0 = a(l−k+2)n+1an.
Then we define
v = a(l−k+2)n+1anu′.
(6) If p ∈ {n+ 1, 2n+ 1, . . . , (l − 1)n+ 1}, q = 0, then we consider
akn+1a0 = a1a(l−k)n+1 = a(k+1)n+1an.
Then we define
v = a(k+1)n+1anu
′,
where p = kn+ 1.
(7) If p = 0, q ∈ {n+ 1, 2n+ 1, . . . , (l − 1)n+ 1}, then consider
a0akn+1 = a(l−k)n+1a1
Then we define
v = a(l−k)n+1a1u′,
where q = kn+ 1.
In each case, u = v in M(dtwln), and the defect φ(v) is a word consisting
of 0s. 
Then we have the following corollary.
Corollary 5.8. Every word in A+ is equal in M(dtwln) to a word in
A+ which is mapped by φ to a word with a defect consisting of 0s.
Proof of theorem 4.2. The relations in M(dtwln) are listed in the proof
of Lemma 5.2. For each relation u = v the words φ(u) and φ(v) have the
same length and the same alternating sum calculated in Zln+1. Thus
by Lemma 5.1, φ+ induces a homomorphism ψ : M(dtwln)→ C+n,l/ ∼.
Consider two canonical words u, v which are ∼ equivalent. We shall
show that each class of ∼ contains at most one canonical words.
(1) Suppose their alternating sums are both 0.
1. If u, v are form of c00t−2 or 0c0t−2, where c ∈ {1, 2, . . . , n},
then since the canonical word can have at most one non-
zero entry, both words consist only of 0s and, therefore are
equal.
2. If u or v is form of dc0t−2, where c ∈ {1, 2, . . . , n}, d ∈
{2n + 1, dots, (l − 1)n + 1}, then the alternating sum of
dc0t−2 is d− c. If d 6= 0 or c 6= 0, then since d− c = 0, this
contradicts c ∈ {1, 2, . . . , n}, d ∈ {2n+1, . . . , (l−1)n+1}.
Therefore both words u, v consists only of 0s, and are equal.
(2) Suppose two canonical words share the same non-zero alternat-
ing sum.
1. If u = c100
t−2, v = c200t−2, then since both alternating
sum is the same, c1 = c2. Thus u = v.
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2. If u = 0c10
t−2, v = 0c20t−2, then u = v by the same reason
of 1.
3. If u = c100
t−2, v = 0c20t−2, then c1 = −c2 in Znl+1. Since
c1, c2 ∈ {1, 2, . . . , n}, this case is impossible.
4. If u = c100
t−2, v = 0c20t−2, then c1 = d2 − c2 in Zln+1.
Since c1, c2 ∈ {1, 2, . . . , n}, d ∈ {2n + 1, . . . , (l − 1)n + 1},
this case is impossible (c1 + c2 ≤ 2n, d2 ≥ 2n).
5. If u = 0c10
t−2, v = d2c20t−2, then −c1 = d2 − c2 in Zln+1.
If c2 − c1 > 0, this case is impossible. If c2 − c1 > 0, this
case is also impossible (ln + 1 + c2 − c1 > (l − 1)n + 1,
d2 ≤ (l − 1)n+ 1).
6. If u = d1c10
t−2, v = d2c20t−2, then d1 − c1 = d2 − c2 in
Zln+1. Since c1, c2 ∈ {1, 2, . . . , n}, d1, d2 ∈ {2n+1, . . . , (l−
1)n+ 1}, this case is impossible.
Thus each class of ∼ contains at most one canonical words.
Consider a words w ∈ C+n,l which has a length t and alternating sum
s. We shall show that each class of ∼ contains at least one canonical
word.
(1) If s ∈ {0, 1, . . . , n}, then canonical words s00t−2 is ∼ equivalent
to w.
(2) If s ∈ {(l − 1)n + 1, . . . , ln + 1}, let q = −s. Then 0q0t−2 is ∼
equivalent to w.
(3) If s ∈ {n+ 1, . . . , (l−1)n}, then w is ∼ equivalent to d(−c)0t−2
for some c ∈ {1, 2, . . . , n}, d ∈ {2n+ 1, . . . , (l − 1)n+ 1}.
Thus each class of ∼ contains at least one canonical word.
By Corollary 5 and Lemma 5.6, each word in A+ is equal in M(dtwln)
to a word mapped by φ to a canonical word. Now Theorem 4.2 follows
from Lemma 5.1.
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